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Chapter 1
Introduction
This thesis deals with transversely oriented taut foliations of closed 3-manifolds.
These are very important objects in 3-manifold theory. Let F be such a foli-
ation of M . Then by Novikov’s theorem [13], the inclusion map of each leaf
of F into M is π1-injective. It follows that the lifted foliation F˜ of F to the
universal cover M˜ of M is foliated by planes.
Most of the interest of this thesis is the case where F is a leafwise hyper-
bolic taut foliation. If F is leafwise hyperbolic, every leaf λ of F˜ is isometric
to the hyperbolic plane H2, and therefore the ideal boundary, denoted S1
∞
(λ),
can be obtained by this hyperbolic metric. Note that the hypothesis of leaf-
wise hyperbolicity of F is not a big restriction as it is by far the most common
case. For example by Candel’s theorem [5], if M is irreducible and atoroidal,
then every taut foliation of M is leafwise hyperbolic.
Leafwise hyperbolic taut foliations have been extensively investigated by
many people in connection with the theory of 3-manifolds. See e.g. Calegari’s
wonderful book [3]. One of the most powerful methods of analyzing the
structure of such foliations is to consider canonical actions of the fundamental
group π1(M) on 1-manifolds naturally associated with F . Two kinds of such
1-manifolds are known.
The first one, denoted L, is the leaf space of the lifted foliation F˜ of M˜ .
The action of π1(M) on M˜ naturally induces the action of π1(M) on L. We
1
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refer to it as the natural action. This leaf space is a 1-manifold, which is
simply connected, but usually non-Hausdorff. If L is Hausdorff then L is
homeomorphic to the real numbers R, and if L is non-Hausdorff then we say
that F has branching. In this thesis, we are especially interested in the case
where F has branching.
The second one is a universal circle, introduced by Thurston [20]. This
circle is roughly obtained by unifying circles at infinity of all the leaves of
F˜ . In a seminal work, Thurston (and Calegari-Dunfield [4]) constructed a
universal circle with a canonical π1(M)-action for any leafwise hyperbolic
taut foliation.
The first result of this thesis is the following:
Theorem 5.1.3. If F has branching, then the natural action on L is faithful.
This result is obtained from an investigation of both actions of π1(M) on
the leaf space and on the universal circle (see §5.1). Notice that the hypoth-
esis that F has branching is indispensable. In fact, just consider a surface
bundle over S1 foliated by fibers. Notice also that Calegari-Dunfield [4, The-
orem 7.10] have already shown that for any taut foliation one can modify it
by suitable Denjoy-like insertions so that the natural action associated with
the resulting foliation becomes faithful. In the case where the foliation is
leafwise hyperbolic and has branching, our result is stronger than theirs in
that we assure faithfulness without performing any modifications.
Next we consider the stabilizer of a branch locus of F . A branch locus is a
nontrivial maximal collection of points in L which are pairwise nonseparated
from each other. Branch loci have been studied for instance by Fenley and
Shields. Fenley [6] shows several important facts about a branch locus of
the stable and unstable foliations of an Anosov flow, and Shields [18] shows
analogous theorems of [6] for the more general case when a foliation admits
a dividing curve.
In the case where a branch locus B is finite, we obtain the following
results about the action of the stabilizer of B, denoted Stab(B), on B (see
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§5.3 for details). Note that finite branch loci certainly exist. For instance, [6,
Theorem G] says that all branch loci of an Anosov foliation of an atoroidal
3-manifold are finite sets. Besides, we will give an example of a taut foliation
admitting a finite branch locus (Example 5.3.11).
Theorem 5.3.3. Let B be a finite branch locus of L. If an element of
Stab(B) fixes some point of B then it fixes all the points of B.
We remark that for Anosov foliations Fenley [6, Theorem D] proves re-
lated results to this theorem.
Let π : M˜ → M be the covering projection. To simplify notation, for a
leaf λ of F˜ we denote by λ the projected leaf π(λ) of F .
Theorem 5.3.4. Let B be a branch locus of L. Then,
1. if Stab(B) is trivial, λ is diffeomorphic to a plane, and
2. if B is finite and if Stab(B) is nontrivial, λ is diffeomorphic to a cylin-
der,
for any λ ∈ B.
Theorem 5.3.7. Let B be a finite branch locus of L with nontrivial stabilizer.
Then the stabilizer Stab(B) is isomorphic to Z.
Theorem 5.3.9. Let B be a finite branch locus of L such that Stab(B) acts
on B nontrivially. Then a generator of Stab(B) (∼= Z) is indivisible.
For an oriented loop γ in M , we say that γ is tangentiable if γ is freely
homotopic to a leaf loop (i.e. a loop contained in a single leaf) of F , and
that γ is positively (resp. negatively) transversable if γ is freely homotopic
to a loop positively (resp. negatively) transverse to F . As a final topic of
this thesis, we study relations between the infiniteness of branch loci and the
existence of a non-transversable leaf loop in M (see §5.4). One of the results
we obtain is the following:
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Theorem 5.4.5. Suppose F has branching. If there is a non-contractible
leaf loop in M which is not freely homotopic to a loop transverse to F , then
F has an infinite branch locus.
This thesis is organized as follows. In Chapter 2, we recall the definition
and some basic properties of foliations. In Chapter 3, we introduce the
notion of a universal circle, and in Chapter 4, we briefly review the Calegari-
Dunfield’s construction of a universal circle. Our main results are stated
in Chapter 5. In §5.1, using Calegari-Dunfield’s construction, we prove the
faithfulness of the natural action of π1(M) on L. In §5.2, we introduce
a notion of comparable sets and give several basic properties of such sets,
which are applied in §5.3 to the investigation of the structure of finite branch
loci and their stabilizers. In §5.4, we study how the non-transversability of
leaf loops in M is related to the infiniteness of branch loci in L.
Acknowledgements. I thank my advisor Professor T. Inaba for a lot of
encouragement and conversations during the research. I am also grateful to
S. Yamamoto for teaching me mathematics during my high school years.
Chapter 2
Preliminaries
In this chapter, we recall the definition and some of the basic properties of
foliations and taut foliations. Unless otherwise specified, we assume through-
out this thesis that M is a closed oriented smooth (i.e. C∞-differentiable)
3-manifold.
2.1 Foliations
Definition 2.1.1. Let M be an n-dimensional C∞ manifold and let r be
a nonnegative integer or ∞. A codimension one Cr-foliation F of M is a
decomposition of M into injectively immersed connected (n−1)-dimensional
submanifolds λα (α ∈ A), called leaves, satisfying the following condition:
there exists a Cr-atlas
{(
Ui, φi = (x
1
i , · · ·x
n−1
i , yi)
)}
i∈I
of M such that
(1) it is compatible with the C∞ structure of M ,
(2) on each overlap Ui ∩ Uj 6= ∅ the transition function is of the form
φi ◦ φ
−1
j (xj , yj) = (αij(xj , yj), βij(yj)),
5
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where xj = (x
1
j , · · ·x
n−1
j ), αij(xj , yj) ∈ R
n−1, βij(yj) ∈ R, and
(3) for any α ∈ A and any i ∈ I, each connected component of φi(λα ∩Ui)
is given by the equation
yi = const.
We say that a foliation F of M is orientable if the tangent bundle TF is
orientable, and that F is transversely orientable if the normal bundle NF =
TM/TF is orientable. An orientation of F is an orientation of TF , and a
transverse orientation of F is an orientation of NF . In the sequel we assume
that F is both oriented and transversely oriented.
One of the most important theorems of foliations of 3-manifolds is Novikov’s
theorem. To state the theorem, we must introduce the notion of a Reeb com-
ponent.
Construction 2.1.2. Let H be the closed upper half-space in R3 foliated
by horizontal planes. The dilation
α : p→ 2p (p ∈ H)
acts properly discontinuously on H − {0}, and the quotient
S = H − {0}/〈α〉
is a closed solid torus.
The foliation of H by horizontal planes is preserved by α, and therefore
descends to a foliation F of S tangent to ∂S. Note that all leaves of F in the
interior of S are planes, which limit on the boundary torus leaf. A foliated
manifold (R,G) which is homeomorphic to (S,F) is called a Reeb component.
Theorem 2.1.3 (Novikov [13]). Let F be a foliation of M which contains
no Reeb components, and suppose M is not finitely covered by S2×S1. Then
the following properties are satisfied:
1. π2(M) is trivial,
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2. for any leaf λ of F , the inclusion λ → M induces a monomorphism
π1(λ)→ π1(M), and
3. every loop transverse to F is essential in M .
Remark 2.1.4. In fact, Novikov proved the theorem in the case where F is a
C2-foliation. Solodov [19] and Hector-Hirsch [10] gave the proof of Novikov’s
theorem for C0-foliations.
Remark 2.1.5. Thereafter, Rosenberg [17] showed that a closed 3-manifold
admitting a foliation without Reeb components is irreducible.
2.2 Taut foliations
Definition 2.2.1. A codimension one foliation F of M is taut if there exists
a loop in M which intersects every leaf of F transversely.
Taut foliations are the main objects of interest in this thesis. By the
definition of tautness, such a foliation F of M does not contain a Reeb
component, and therefore Theorem 2.1.3 can be applied to it unless M is
finitely covered by S2×S1. From now on, we assume F is a taut foliation of
M not finitely covered by S2 × S1.
Let M˜ denote the universal cover of M , and F˜ the pullback of F to M˜ .
Then property (2) of Theorem 2.1.3 implies that all leaves of F˜ are planes.
The following theorem is proved by Palmeira.
Theorem 2.2.2 (Palmeira [14]). Let N be a simply connected n-manifold
(n ≥ 3), and G a codimension one foliation of N whose leaves are all home-
omorphic to Rn−1. Then N is homeomorphic to Rn. Furthermore, there is a
foliation F of R2 by lines such that (N,G) is conjugate to a product foliation
(R2, F ) × Rn−2; that is, there is a homeomorphism h : N → Rn sending a
leaf of G to a leaf of F × Rn−2.
By Palmeira’s theorem, M˜ is homeomorphic to R3, and (M˜, F˜) is conju-
gate to (R2, F )× R.
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2.3 Leaf spaces
Given a tautly foliated manifold (M,F) there is a 1-manifold naturally as-
sociated with it.
Definition 2.3.1. The leaf space L of F˜ is the quotient space
L = M˜/F˜
The topology of L is the quotient topology from M˜ . That is, there is a
canonical projection map
q : M˜ → L
sending a point to the leaf containing it. The topology of L is the quotient
topology from the map q.
The deck transformation of the universal covering M˜ → M induces an
action of the fundamental group π1(M) on the leaf space L. We refer to it
as the natural action.
Note that a transverse orientation of F determines a transverse orienta-
tion of F˜ , and therefore induces an orientation of L.
2.4 Branch loci
A leaf space L defined as above is a simply connected, but usually non-
Hausdorff 1-manifold. If L is Hausdorff then of course it is homeomorphic to
R. Otherwise, L branches.
Definition 2.4.1. Let L be the leaf space of F˜ . A branch locus B of F is a
subset of L which contains at least two points, and can be expressed in the
form
B = lim
t→0
νt
for some interval {νt ∈ L | 0 < t < ǫ} embedded in L. Furthermore, if
the parameter t of the interval is incompatible (resp. compatible) with the
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orientation of L, we call B a positive (resp. negative) branch locus.
Definition 2.4.2. Let L be the leaf space of F˜ . Then
1. F is R-covered if L = R,
2. F has one-sided branching in the positive (resp. negative) direction if
L has positive (resp. negative) branch loci but has no negative (resp.
positive) ones, and
3. F has two-sided branching if L has both positive loci and negative loci.
In this thesis, our interest centers on the case when F has one-sided
branching or has two-sided branching.
2.5 Partial orders on leaf spaces
We now define a partial order on the leaf space L of F˜ .
Definition 2.5.1. An order on L is a partial order < such that for any two
points λ, µ in L, λ < µ if and only if there is an oriented path in M˜ from λ
to µ which positively transverse to F˜ .
We say that λ and µ are comparable if either λ ≤ µ or λ ≥ µ, and
incomparable otherwise.
2.6 Laminations
We here introduce the notion of laminations, which are, as it were, generalized
foliations. Remark that several references deal with laminations, not just
with foliations.
Definition 2.6.1. A codimension one lamination of an n-manifold M is a
closed subset Λ of M satisfying the following condition: there exists a family
of charts {(
Ui, φi = (x
1
i , · · ·x
n−1
i , yi)
)}
i∈I
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of M such that
(1)
⋃
i∈I Ui ⊃ Λ,
(2) for each i, the image Ki = yi(Λ ∩ Ui) is a compact subset of R, and
(3) on each overlap Ui ∩ Uj ∩ Λ 6= ∅ the transition function is of the form
φi ◦ φ
−1
j (xj , yj) = (αij(xj , yj), βij(yj)),
where xj = (x
1
j , · · ·x
n−1
j ), yj ∈ Kj, αij(xj , yj) ∈ R
n−1 and βij(yj) ∈ Ki.
For a point k ∈ Ki, each of the connected components of y
−1
i (k) ⊂ Ui is
called a plaque of Λ. The plaques piece together locally to form a partition
of Λ into injectively immersed (n − 1)-submanifolds of M , called the leaves
of the lamination Λ. The complement of Λ falls into connected components
called complementary regions.
A codimension one lamination of a 3-manifold M is also called a surface
lamination.
Definition 2.6.2. A surface lamination Λ of M is essential if it contains no
spherical leaf or torus leaf bounding a solid torus, and furthermore, if C is
the metric completion of a complementary region (with respect to the path
metric on M), then C is irreducible, and ∂C is both incompressible and end
incompressible in C.
Here, recall that C is end incompressible if C contains no end compress-
ible disk. An end compressible disk is a properly embedded subset D of C
homeomorphic to
D2 − (one point in ∂D2)
which is not properly isotopic relative to ∂D in C to an embedding in a leaf.
Example 2.6.3. A foliation of M is an example of a surface lamination; in
particular, a taut foliation is an essential surface lamination.
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splitting
Figure 2.1: Splitting open a singularity.
2.7 Singular foliations
In this section, we narrow our focus to the case when base manifolds are
surfaces.
Definition 2.7.1. A singular foliation F of a surface S is a foliation in the
complement of finitely many points pi, called the singularities. Near each
singularity, there is an open neighborhood such that the leaves of F look like
the level sets in C of the function
Im(zni/2)
for some natural number ni ≥ 3, where we choose co-ordinates so that the
singular point is at 0. A leaf of F means a leaf of the restricted foliation
F|(S − ∪ipi).
Definition 2.7.2. A separatrix of a singularity pi is a leaf of F which has
an end whose limit set is {pi}.
Construction 2.7.3. Given a singular foliation F of a surface S, one can
obtain a lamination Λ of S by splitting open the singularities. See Fig 2.1.
Chapter 3
Universal circles
In this chapter, we introduce the notion of universal circles. The theory of
the universal circle was originally developed by Thurston in [20], but un-
fortunately, his manuscript is unpublished. After a while, it was written
up carefully by Calegari-Dunfield [4]. We will see the Calegari-Dunfield’s
construction of universal circles in Chapter 4.
3.1 Leafwise hyperbolic taut foliations
Definition 3.1.1. A taut foliation F of M is leafwise hyperbolic if there is a
transversely continuous leafwise Riemmanian metric on M where the leaves
are locally isometric to the hyperbolic plane.
The following theorem, due to Candel, guarantees the existence of a leaf-
wise hyperbolic foliation of many 3-manifolds.
Theorem 3.1.2 (Candel [5]). Let F be a taut foliation of an irreducible
atroidal 3-manifold M , then F is leafwise hyperbolic.
Remark 3.1.3. The statement of Theorem 3.1.2 is simplified for our context.
Precisely, Candel showed in [5]: Let Λ be a compact oriented surface lam-
ination with a Riemannian metric g. Then χ(Λ, µ) < 0 for every positive
invariant measure µ if and only if g is conformal to a metric of curvature −1.
In particular, this holds true if Λ has no invariant measure.
12
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If F is a leafwise hyperbolic taut foliation then each leaf λ of F˜ is isometric
to the hyperbolic plane H2. Consequently, one can obtain the ideal boundary,
denoted S1
∞
(λ), of λ with respect to this hyperbolic metric.
3.2 Monotone maps
In order to define universal circles, we must recall the definition of monotone
maps.
Definition 3.2.1. Let X, Y be oriented 1-manifolds homeomorphic to S1.
A continuous map
φ : X → Y
is monotone if it is of mapping degree one and if the preimage of any point
of Y is contractible.
Definition 3.2.2. Let φ : X → Y be a monotone map. A gap of φ is the
maximal open connected interval in X in the preimage of a single point of
Y . The core of φ is the complement of the union of gaps.
The gaps and core of a monotone map play an important role in the case
when F has branching.
3.3 Definition of universal circles
We are now ready to define universal circles (after [4]).
Definition 3.3.1. Let F be a leafwise hyperbolic taut foliation of M . A
universal circle is a circle S1univ together with the following data:
1. A homomorphism
ρuniv : π1(M)→ Homeo
+(S1univ)
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2. A family of monotone maps
φλ : S
1
univ → S
1
∞
(λ), λ ∈ F˜
3. For every α in π1(M), the following diagram commutes:
S1univ
ρuniv(α)
−−−−→ S1univ
φλ
y φα(λ)
y
S1
∞
(λ)
α
−−−→ S1
∞
(α(λ))
4. If λ and µ are incomparable then the core of φλ is contained in the
closure of a single gap of φµ and vice versa.
Thurston and Calegari-Dunfield proved the following:
Theorem 3.3.2 (Thurston [20], Calegari-Dunfield [4]). Let F be a leafwise
hyperbolic taut foliation of M . Then there exists a universal circle for F .
Thurston’s proof of this theorem was analytic, and used theorems of Gar-
nett [9] on the existence and properties of harmonic measures for foliations.
A little later, Calegari-Dunfield gave a new and purely topological proof of
Theorem 3.3.2 (see Chapter 4).
Chapter 4
Constructing universal circles
In this chapter, we briefly review the Calegari-Dunfiled’s way of construction
of a universal circle. See [4] or [3] for details.
4.1 Circle bundle at infinity
For a leafwise hyperbolic taut foliation, we first define the circle bundle at
infinity of it.
Definition 4.1.1. Let F be a leafwise hyperbolic taut foliation of M , and
p be a point in a leaf λ of F˜ . The endpoint map
e : Tpλ− {0} → S
1
∞
(λ)
from the tangent space of λ at p to the ideal boundary of λ takes a vector v
to the endpoint at infinity of geodesic ray γ with γ′(0) = v.
Definition 4.1.2. The circle bundle at infinity is the disjoint union
E∞ =
⋃
λ∈L
S1
∞
(λ)
15
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with the finest topology such that the endpoint map
e : T F˜ − (zero section)→ E∞
is continuous.
With this topology, E∞ is a circle bundle over L whose fiber over each
λ ∈ L is S1
∞
(λ).
4.2 Separation constants
Definition 4.2.1. Let F be a taut foliation of M . A separation constant for
F is a positive number ǫ > 0 with the property that there is some k ≥ 1 such
that every leaf λ of F˜ is k-quasi-isometrically embedded in its ǫ-neighborhood
N in M˜ ; that is, for any two points p, q in λ, the following inequality is
satisfied:
1
k
dN(p, q) ≤ dλ(p, q) ≤ kdN(p, q)
where dN , dλ are the path metrics on N, λ respectively.
Separation constants play an inconspicuous but vital role in the construc-
tion of universal circles. It does not often appear in this thesis, but in fact,
it is used in the proofs of several important theorems and lemmas.
4.3 Markers
Markers are very important objects in this construction, because they form
the foundation for our universal circle. Let I = [0, 1] denote the unit interval.
Definition 4.3.1. Let F be a leafwise hyperbolic taut foliation of M . A
marker for F is a continuous map
m : I × R+ → M˜
with the following properties:
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1. For each s ∈ I, the image m(s × R+) is a geodesic ray in a leaf of F˜ .
We call these rays the horizontal rays of m.
2. For each t ∈ R+, the image m(I × t) is a interval transverse to F˜ .
Further, there is a separation constant ǫ for F , such that
length(m(I × t)) < ǫ/3
We call there intervals the vertical intervals of m.
Markers are related to, and arise from sawblades, defined as follows:
Definition 4.3.2. Let F be a leafwise hyperbolic taut foliation of M . A
sawblade for F is an embedded polygonal surface
P : I × I → M
obtained from I × I by gluing P (1, I) to a subset of P (0, I) in such a way
that P (1, 0) gets identified with P (0, 0), with the following properties:
1. For each t ∈ I, the subset P (I, t) ⊂ M is a geodesic arc in a leaf λt of
F . For t = 0, the subset P (I, 0) closes up to a geodesic loop γ in λ0.
2. The corresponding geodesic segments P (I, t1), P (I, t2) where
P (1, t1) = P (0, t2)
for t1, t2 ∈ I, join up to a geodesic segment in the corresponding leaf
of F ; i.e. there is a no corner along P (0, I).
3. For each t ∈ I, the subset P (t, I) ⊂M is a embedded transversal to F
of length ≤ ǫ/3, and the transversal P (1, I) is contained in P (0, I).
If there is a geodesic loop γ in some leaf of F , many markers can be
constructed from γ through a sawblade, as follows.
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Construction 4.3.3. Let γ : I → M be a simple geodesic loop contained in
a non-simply connected leaf λ of F .
First, we make a sawblade for F . Let τ : I → M be a transversal to
F with τ(0) = γ(0). By perturbing τ slightly, and replacing τ by a short
subtransversal of τ if necessary, we can make an embedded polygonal surface
P : I × I → M satisfying the following properties:
1. For each t ∈ I, P (t, 0) = γ(t) and P (0, t) = τ(t).
2. P has properties (1) and (2) of Definition 4.3.2.
3. For each t ∈ I, length(P (t, I)) ≤ ǫ/3
Then P is nearly a sawblade, but it may not possibly satisfy the property
that P (1, I) is contained in P (0, I). In that case, however, P (1, I) contains
P (0, I), and therefore the new polygonal surface P ′ defined by
P ′(s, t) = P (1− s, t) (s, t ∈ I)
is exactly a sawblade.
Next, we try to find a marker for F arising from a sawbalde P . For the
sake of simplicity, we use in the sequel the notation P for the image P (I×I).
Let P˜ be a component of the preimage of P in M˜ . Then P˜ is the universal
cover of P , and the shape looks just like a “saw-blade”. By the properties of
sawblades, one can find easily (the image of) a marker in P˜ ; see Fig 4.1.
Let m be a marker for F . Then for each α in π1(M) the deck trans-
formation α induces another marker α(m). Consequently, we have obtained
infinitely many markers.
4.4 Leaf pocket theorem
If a foliation has only simply connected leaves, then it is easy to construct
a nontrivial transverse invariant measure. Plante showed in [15] that such
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γ
γ~
P
projection
marker
Figure 4.1: A marker in the lifted sawblade P˜ .
a foliation has a leaf with polynomial growth, and therefore, is not leafwise
hyperbolic. It follows that a leafwise hyperbolic taut foliation F has a non-
simply connected leaf. Moreover, by Construction 4.3.3, there exist many
makers for F .
A closed geodesic γ on a closed hyperbolic surface Σ lifts in the universal
cover Σ˜ to a system of infinite geodesics whose endpoints in S1
∞
(Σ˜) are dense.
The following theorem, called Leaf Pocket Theorem, is the analogue of this
observation.
Theorem 4.4.1 (Calegari-Dunfield [4, Theorem 5.2]). Let F be a leafwise
hyperbolic taut foliation ofM . Then for every leaf λ of F˜ , the set of endpoints
of markers is dense in S1
∞
(λ).
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4.5 Leftmost sections
Let L be the leaf space of the lifted foliation F˜ of a leafwise hyperbolic taut
foliation F . We use the interval notation [λ, µ] to represent the oriented
image of an injective continuous map c : I → L such that c(0) = λ and
c(1) = µ, and refer it to the interval from λ to µ. Here, notice that the
orientation of such an interval is induced from that of I (not from that of L).
Let J = [λ, µ] be an interval in L, and let m be a marker which intersects
only leaves of F˜ |J . Then the endpoints of the horizontal rays of m form an
interval in the circle bundle at infinity E∞|J which is transverse to the circle
fibers. By abuse of notation we refer to such an interval as a marker.
It follows from Theorem 4.4.1 that for each ν ∈ J , the intersection of
S1
∞
(ν) with the union of all markers is dense in S1
∞
(ν). Moreover, the fol-
lowing lemma holds:
Lemma 4.5.1 ([4, Lemma 6.11]). Let m1 and m2 be two markers in E∞|J . If
m1 and m2 are not disjoint, their union m1∪m2 is also an interval transverse
to the circle fibers.
This lemma says that a maximal such union of markers is still an interval.
Again by abuse of notation we call such an interval a marker.
A continuous section τ : J → E∞|J is admissible if the image of τ does not
cross (but might run into) any marker. Then leftmost sections are defined
as follows.
Definition 4.5.2. The leftmost section τ(p, J) : J → E∞|J starting at
p ∈ S1
∞
(λ) is an admissible section which is clockwisemost among all such
sections if the order of J is compatible with that of L, and anti-clockwisemost
otherwise.
In the definition, the meaning of “(anti-)clockwisemost” is the following:
Consider the universal cover
E˜∞|J ∼= R× J
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p
Figure 4.2: The leftmost section is shown as a solid line, an admissible section
as a broken line, and markers as gray lines. (In fact, markers are dense in
E∞|J .)
of E∞|J , and take a lift p˜ ∈ R×J of p. We say that τ is clockwisemost (resp.
anti-clockwisemost) if for any admissible section τ ′, the lifts τ˜ , τ˜ ′ of τ, τ ′ to
R× J based at p˜ satisfy
τ˜ (ν) ≤ τ˜ ′(ν) (resp. τ˜ ′(ν) ≤ τ˜(ν))
for any ν ∈ J . See Fig 4.2.
By [4, Lemma 6.12], for any p the leftmost section starting at p exists.
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4.6 Turning points
In this section, we introduce turning points, which are very important and
often used throughout this thesis.
Construction 4.6.1 ([3, Section 7.8]). Let µ1, µ2 be two points in a branch
locus
B = lim
t→0
νt
For each t > 0, let αt = [µ1, νt] and β = [νt, µ2]. Then we define a map
rt : S
1
∞
(µ1)→ S
1
∞
(µ2)
by
rt(p) = τ(τ(p, αt)(νt), βt)(µ2)
As t tends to 0, rt converges to a constant map. We denote the image of the
constant map by r(µ1, µ2) ∈ S
1
∞
(µ2).
Definition 4.6.2. We call r(µ1, µ2) the turning point from µ1 to µ2.
4.7 Special sections
Before we construct special sections, we must define geodesic spines.
Definition 4.7.1. Let λ, µ be two points in L. A geodesic spine from λ to
µ to be a disjoint union of finitely many intervals
[νˆi−1, νˇi] (1 ≤ i ≤ n)
in L (some of them may degenerate to singletons), with the following prop-
erties:
1. νˆ0 = λ and νˇn = µ
2. νˇi and νˆi belong to a common branch locus for each 1 ≤ i ≤ n− 1
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3. n is minimal under the conditions (1) and (2).
Note that a geodesic spine connecting any two points in L exists and is
unique. Geodesic spines have been extensively used in [1, 2], [7], and [16].
We are now ready to define special sections.
Construction 4.7.2. For a point p in S1
∞
(λ), the special section
σp : L→ E∞
at p is defined as follows.
First, set σp(λ) = p. Next, pick any point µ ∈ L. We define σp(µ) as
follows: When µ is comparable with λ, then σp is defined on [λ, µ] to be the
leftmost section starting at p. When µ is incomparable with λ, let
n∐
i=1
[νˆi−1, νˇi] (n > 1)
be the geodesic spine from λ to µ. We then put
r = r(νˇn−1, νˆn−1) ∈ S
1
∞
(νˆn−1)
and define σp on the interval [νˆn−1, νˇn] by σp = σr. This completes the
definition of σp.
Special sections are also used throughout this thesis often. In fact, they
will be elements of a universal circle.
4.8 Circular orders
We first review the notion of circular orders.
Definition 4.8.1. Let S be a set. A circular ordering on a set S with at
least four elements is a choice of total order on S−{p} for every p ∈ S, such
that if <p is the total ordering defined by p, and p, q ∈ S are two distinct
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elements, the total orderings <p, <q differ by a cut on their common domain
of definition. That is, for any x, y distinct from p, q, the order of x and y
with respect to <p and <q is the same unless x <p q <p y, in which case we
have y <q p <q x.
If S has exactly three elements S = {x, y, z}, we add the condition that
y <x z if and only if z <y x.
An (n+2)-tuple (p, x0, x1, · · · , xn) (n ≥ 1) of points in a circularly ordered
set S is said to be circularly ordered if these points satisfy
x0 <p x1 <p · · · <p xn
There exists a natural topology on a circularly ordered set. Recall that
the order topology on a totally ordered set (O,<) is the topology generated
by open sets of the form {x | x > p} and {x | x < p} for all p ∈ O.
Definition 4.8.2. Let S be a circularly ordered set. The order topology on
S is the topology generated on each S − {p} by the (usual) order topology
in the totally ordered set (S − {p}, <p).
4.9 Universal circles
Let S be the union of the special sections σp as p varies over all points in
all circles S1
∞
(λ) of points λ in L. By [4, Lemma 6.25], the set S admits a
natural circular order.
The universal circle S1univ will be derived from S as a quotient of the
order completion of S with respect to the circular order. Remark that lim-
its of special sections are also sections, hence that any element of S1univ is
represented by a section L→ E∞.
Chapter 5
Main results
5.1 Faithfulness of the action
In this section, we show that if a leafwise hyperbolic taut foliation F of M
has branching, then the natural action of π1(M) on the leaf space L of F˜ is
faithful.
As explained in Chapter 4, every element σ of S1univ can be described as
a section
σ : L→ E∞ =
⋃
λ∈L
S1
∞
(λ)
and that the maps φλ : S
1
univ → S
1
∞
(λ) are defined by
φλ(σ) = σ(λ)
For a point x in S1
∞
(λ), we define a (possibly degenerate) closed interval
Ix in S
1
univ by
Ix = {σ ∈ S
1
univ | σ(λ) = x}
Then, for any x the interval Ix is nonempty because the special section σx at
x belongs to Ix.
From the definition of a turning point, we have the following fact:
Lemma 5.1.1. If µ1, µ2 are in a common branch locus and if z is in S
1
∞
(µ2)
25
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then φµ1(σz) = r(µ2, µ1), that is, σz ∈ Ir(µ2,µ1).
Let λ ∈ L and α ∈ π1(M) be such that α(λ) = λ. Then α, as the
restriction of a covering transformation of M˜ to λ, induces an isometry of
the hyperbolic plane λ, (hence also a projective transformation of S1
∞
(λ)).
We notice that this isometry is a hyperbolic element (meaning that its
trace is greater than 2). In fact, since it has no fixed points in λ, it is not
elliptic. If it were parabolic, then it would yield inM a non-contractible loop
whose length can be made arbitrarily small, contradicting the compactness
of M .
The following is a key lemma.
Lemma 5.1.2. Let B = limt→0 νt be a branch locus of L. If α ∈ π1(M) fixes
two distinct points µ1 and µ2 in B and also fixes the interval {νt | 0 < t < ǫ}
pointwise, then α is trivial in π1(M).
Proof. Suppose α is nontrivial. Let p1, q1 ∈ S
1
∞
(µ1) and p2, q2 ∈ S
1
∞
(µ2)
be the fixed points of α acting on S1
∞
(µ1) and S
1
∞
(µ2) respectively, and let
r1 ∈ S
1
∞
(µ1) be the turning point from µ2 to µ1. Without loss of generality,
we assume that p1 6= r1. Note that by construction of the universal circle,
the special sections σpi and σqi in S
1
univ are fixed by ρuniv(α) for i = 1, 2, and
therefore the images φνt(σpi) and φνt(σqi) are fixed by α for any t ∈ (0, ǫ).
We claim that if t is sufficiently close to 0, then φνt(σp1) and φνt(Ir1) are
disjoint in S1
∞
(νt). Take two distinct points x and y in S
1
∞
(µ1)− {p1, r1} so
that the 4-tuple (p1, x, r1, y) lies in circular order. Because of the density of
markers, for sufficiently small t > 0 the 4-tuple
(σp1(νt), σx(νt), σr1(νt), σy(νt))
lies in S1
∞
(νt) also in circular order. Let Kt be the closed interval in S
1
∞
(νt)
with boundary points σx(νt) and σy(νt) which contains σr1(νt). Since Ir1
contains σr1 but does not contain σp1 , σx and σy, and since special sections
cannot cross, it follows that φνt(Ir) is contained in Kt. In particular, φνt(σp1)
and φνt(Ir1) are disjoint. This shows the claim.
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For t sufficiently close to 0, the two points σp2(νt) and σq2(νt) are distinct.
By Lemma 5.1.1, both σp2 and σq2 pass through the turning point r1 from
µ2 to µ1, and it follows that
φµ1(σp2) = φµ1(σq2) = r1
that is, σp2 and σq2 are contained in Ir1 . Therefore the 3 points σp1(νt),
σp2(νt) and σq2(νt) are also mutually distinct. Thus, we find at least 3 fixed
points of α in S1
∞
(νt), contradicting the fact that α is a nontrivial orientation
preserving isometry of the hyperbolic plane νt.
Now, the first main result of this thesis is the following:
Theorem 5.1.3. Let M be a closed oriented 3-manifold, and F a trans-
versely oriented leafwise hyperbolic taut foliation of M . If F has branching,
then the natural action of π1(M) on the leaf space of F˜ is faithful.
Proof. This is a direct consequence of Lemma 5.1.2.
5.2 Comparable sets
In this section we do not assume leafwise hyperbolicity of F .
Definition 5.2.1. Let L be the leaf space of the lifted foliation F˜ of a taut
foliation F of M , and let α ∈ π1(M). The comparable set Cα for α is the
subset of L consisting of points λ such that λ and α(λ) are comparable.
Below we collect some basic properties of comparable sets.
Obviously, the following lemma holds.
Lemma 5.2.2. Let α ∈ π1(M). Then α(Cα) = Cα, Cα = Cα−1 and Cα ⊂
Cαk for every k > 0.
Recall that F has one-sided branching in the positive (resp. negative)
direction if L has positive (resp. negative) branch loci but has no negative
(resp. positive) ones, and F has two-sided branching if L has both positive
loci and negative loci.
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Lemma 5.2.3. Let F have one-sided branching in the positive direction, and
let α ∈ π1(M). Suppose λ and µ are points in L such that λ is a common
lower bound of µ and α(µ), meaning that λ ≤ µ and λ ≤ α(µ). Then λ ∈ Cα.
Proof. Since the natural action of π1(M) on L preserves the order of L, the
inequality λ ≤ µ implies α(λ) ≤ α(µ). Thus, by the hypothesis, α(µ) is
a common upper bound of λ and α(λ). Since F has no branching in the
negative direction, it follows that λ and α(λ) are comparable.
From this lemma we see the following fact: Let F and α be as above.
Then, there is λ ∈ L such that {µ ∈ L | µ < λ} ⊂ Cα.
Lemma 5.2.4. Let α ∈ π1(M) and let λ, µ ∈ Cα. Then the geodesic spine
γ from λ to µ is entirely contained in Cα. Furthermore, if γ is written as
γ =
n∐
i=1
[νˆi−1, νˇi] (νˆ0 = λ, νˇn = µ)
by using a union of intervals, then νˇi, νˆi are fixed by α for each 1 ≤ i ≤ n−1.
Proof. Without loss of generality we may assume that λ ≤ νˇ1. We may also
assume that α(λ) ≤ λ, because if α−1(λ) ≤ λ we may just consider α−1
instead of α, by Lemma 5.2.2.
We first treat the case where n = 1 (i.e. the case where λ and µ are
comparable). Suppose ν /∈ Cα for some ν ∈ [λ, µ]. Then we have ν ∈ [α(λ), µ]
and α(ν) ∈ [α(λ), α(µ)]. Since ν and α(ν) are incomparable, it follows that
µ and α(µ) are also incomparable, which is a contradiction. Therefore, we
have [λ, µ] ⊂ Cα.
Next, we assume n ≥ 2. We claim that α(νˇ1) = νˇ1 and α(νˆ1) = νˆ1. Note
that
[α(λ), λ] ∪ γ = [α(λ), νˇ1] ∪ (
n∐
i=2
[νˆi−1, νˇi])
is the geodesic spine from α(λ) to µ, and that
α(γ) = [α(λ), α(νˇ1)] ∪ (
n∐
i=2
[α(νˆi−1), α(νˇi)])
CHAPTER 5. MAIN RESULTS 29
is the geodesic spine from α(λ) to α(µ). Then the reader can work through
the several possibilities (α(νˇ1) < νˇ1, α(νˇ1) > νˇ1, or α(νˇ1) and νˇ1 are incom-
parable) to deduce that any point ν ∈
∐n
i=2[νˆi−1, νˇi] is incomparable with
α(ν), contrary to the hypothesis that µ ∈ Cα. Similarly, if α(νˆ1) 6= νˆ1, we
also obtain that
n∐
i=2
[νˆi−1, νˇi] ∩ Cα = ∅
and therefore µ /∈ Cα, which is a contradiction. The claim is proven.
Since λ, νˇ1 ∈ Cα, by arguing just as in the case of n = 1 we have that
[λ, νˇ1] ⊂ Cα. Now, since νˆ1 ∈ Cα, the induction on n proves the lemma.
Lemma 5.2.5. Let α ∈ π1(M) and let B be an α-invariant branch locus. If
{νt}0<t<ǫ is an embedded interval such that B = limt→0 νt, then there exists
0 < ǫ′ < ǫ such that νt is in Cα for any t ∈ (0, ǫ
′).
Proof. Let {νt}0<t<ǫ be as in the hypothesis of the lemma. Then,
α(B) = lim
t→0
α(νt)
Since B = α(B), two intervals {νt}0<t<ǫ and {α(νt)}0<t<ǫ are both asymp-
totic to B from the same direction as t tends to 0. This with the fact that
L is a 1-manifold implies that the two intervals coincide near B. Thus, the
conclusion of the lemma follows.
Proposition 5.2.6. For any α ∈ π1(M), Cα is connected and open.
Proof. First, we will show connectedness. Let λ and µ be any points in Cα,
and
γ =
n∐
i=1
[νˆi−1, νˇi] (νˆ0 = λ, νˇn = µ)
the geodesic spine from λ to µ. By Lemma 5.2.4, we have that γ ⊂ Cα,
and that νˇi and νˆi are fixed by α for each 1 ≤ i ≤ n − 1. Let Bi (1 ≤ i ≤
n − 1) denote the branch locus which contains both νˇi and νˆi. Then Bi is
α-invariant. Therefore by Lemma 5.2.5, there is an interval {νit}0<t<ǫ ⊂ Cα
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such that Bi = limt→0 ν
i
t . It follows that νˇi and νˆi can be joined by a path
in {νit}0<t<ǫ ⊂ Cα, hence that λ and µ can be joined by some path.
Next, we will prove openness. Let λ be any point in Cα. If α(λ) 6= λ
then the open interval bounded by α−1(λ) and α(λ) is contained in Cα and
contains λ. Thus, λ is an interior point of Cα. If α(λ) = λ, take any point
µ ∈ L with λ < µ. Then the interval [λ, µ] is mapped by α orientation
preservingly onto the interval [λ, α(µ)]. Since L is an oriented 1-manifold,
there must exist ν ∈ (λ, µ] such that [λ, ν) is contained in [λ, µ] ∩ [λ, α(µ)].
This implies that [λ, ν) is contained in Cα. Similarly, we can find η < λ such
that (η, λ] is contained in Cα. Consequently, we have λ ∈ (η, ν) ⊂ Cα, which
means λ is an interior point of Cα. This proves the proposition.
Here we give some definitions.
Definition 5.2.7. For a geodesic spine
γ =
n∐
i=1
[νˆi−1, νˇi]
we call n the length of γ and denote it by l(γ).
As in [2], we set d(λ, µ) = l(γ)− 1, where γ is the geodesic spine from λ
to µ. Moreover, we define the fundamental axis as follows:
Definition 5.2.8. Let α ∈ π1(M). The fundamental axis Aα of α is the
subset of L defined by
Aα = {λ ∈ L | d(λ, α(λ)) is even.}
Notice that
Cα = {λ ∈ L | d(λ, α(λ)) = 0}
and therefore, Cα ⊂ Aα.
Proposition 5.2.9. Let α ∈ π1(M). Suppose there exists λ ∈ L such that
d(λ, α(λ)) is nonzero and even. Then Cαk = ∅ for any k > 0.
CHAPTER 5. MAIN RESULTS 31
Proof. Let γ be the geodesic spine joining λ to α(λ). Since d(λ, α(λ)) is even
and since α preserves the orientation on L, there are no nontrivial overlap-
pings in composing k geodesic spines γ, α(γ), · · · , αk−1(γ) successively, and
the result
γ ∪ α(γ) ∪ · · · ∪ αk−1(γ)
is the geodesic spine from λ to αk(λ). Then d(λ, αk(λ)) = kd(λ, α(λ)), and
therefore d(λ, αk(λ)) is nonzero and even. By [2, Corollary 2.20], αk fixes no
points, and stabilizes no branch loci.
By [2, Proposition 2.10], we have that
A =
⋃
i∈Z
αi(γ)
is the fundamental axis of αk. Then A can be expressed as a union of intervals
A =
∐
i∈Z
[µi, νi]
where νi and µi+1 belong to a common branch locus. By [2, Corollary 2.11],
there is an integer m 6= 0 such that
αk([µi, νi]) = [µi+m, νi+m]
Since d(µ, αk(µ)) = m 6= 0 for any µ ∈ A, it follows that µ /∈ Cαk . Therefore,
we have Cαk = ∅, because Cαk ⊂ A.
Lemma 5.2.10. Let α ∈ π1(M) and λ ∈ L be such that λ /∈ Cα and that
λ ∈ Cαk for some k > 1. Let
γ =
n∐
i=1
[νˆi−1, νˇi] (νˆ0 = λ, νˇn = α(λ))
be the geodesic spine from λ to α(λ). Then α(νˇm) = νˆm and α
k(νˇm) = νˇm
where m = l(γ)/2 (which is an integer by the above proposition).
CHAPTER 5. MAIN RESULTS 32
νˇm νˆm
λ α(λ)
α(νˇm)
α(νˇm)
α(δ0)
α(δ0)
Figure 5.1: α(δ0) is shown as a broken line in the case νˇm ∈ Cα, and as a
dotted line in the case α(νˇm) ∈ (νˆm, νˇm+1].
Proof. Let γj be the geodesic spine from λ to α
j(λ), and let δ0 and δ1 be the
geodesic spines from λ to νˇm, and from νˆm to α(λ), respectively. By reversing
the transverse orientation of F if necessary, we can assume that νˇm and νˆm
belong to a common positive branch locus.
First, we show that νˇm /∈ Cα. Suppose on the contrary that νˇm ∈ Cα.
Note that the length of the geodesic spine α(δ0) joining α(λ) to α(νˇm) is
l(γ)/2. So if νˇm and α(νˇm) are comparable, the intersection γ ∩ α(δ0) must
coincide with δ1 as a set. In particular, α(δ0) cannot contain νˇm. Therefore
νˇm > α(νˇm). See Fig. 5.1. Then νˇm > α
k−1(νˇm), and we have
γk = δ0 ∪ [νˇm, α
k−1(νˇm)] ∪ α
k−1(δ1)
Since γk passes through α
k−1(νˇm) and α
k−1(νˆm), it follows that λ and α
k(λ)
are incomparable, which contradicts the choice of λ.
Next, we show that α(νˇm) /∈ (νˆm, νˇm+1]. Suppose not. Then α(νˇm) is in
(νˆm, νˇm+1], that is, the branch locus obtained from the embedded interval
(νˆm, α(νˇm)) contains α(νˆm). It follows that νˆm and α(νˆm) are comparable.
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See Fig. 5.1. Since we are assuming that νˇm and νˆm belong to a common
positive branch locus, we have νˆm < α(νˆm). Then νˆm < α
k−1(νˆm), and
therefore
γk = δ0 ∪ [νˆm, α
k−1(νˆm)] ∪ α
k−1(δ1)
Since γk passes through νˇm and νˆm, it follows that λ and α
k(λ) are incom-
parable, which is a contradiction.
Finally, we consider other cases. If α(νˇm) 6= νˆm, we have
l(αj+1(γ)− αj(γ)) > l(γ)/2
for all 0 ≤ j < k. Therefore, we have
1 < l(γ1) < l(γ2) < · · · < l(γk) = 1
This contradiction shows that α(νˇm) = νˆm.
In particular, α(νˇm) is nonseparated from νˇm on the negative side. So
αk(νˇm) is also nonseparated from νˇm on the negative side. We also have
that αk(νˇm) = νˇm. Otherwise, γk = δ0 ∪ α
k(δ0), and therefore γk passes
through νˇm and α
k(νˇm) which belong the common branch locus. It follows
that λ /∈ Cαk , which is a contradiction.
5.3 Branch loci and their stabilizers
In this section we focus on a branch locus of the leaf space L, of the lifted
foliation of a leafwise hyperbolic taut foliation F . We consider the case where
a branch locus is a finite set and clarify the structure of the stabilizer of such
a locus.
Definition 5.3.1. Let B be a branch locus of a taut foliation F . The stabi-
lizer Stab(B) of B is defined by
Stab(B) = {α ∈ π1(M) | α(B) = B}
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Lemma 5.3.2. Let B be a finite branch locus and let α ∈ Stab(B). If
ρuniv(α) has a fixed point in S
1
univ, then α fixes B pointwise.
Proof. Let α ∈ Stab(B) be a nontrivial element satisfying the hypothesis of
the lemma, and let λ be any point of B. Then, since B is finite, there exists
some k ∈ N such that αk(λ) = λ. Notice here that αk is nontrivial in π1(M),
because by tautness of F and by Novikov’s theorem (Theorem 2.1.3), our
manifold M is aspherical and hence has no torsion in π1(M) ([11, Corollary
9.9]).
Now, let us suppose by contradiction that α(λ) 6= λ. Let r ∈ S1
∞
(λ) be
the turning point from α(λ) to λ and let p ∈ S1
∞
(λ) be one of the two fixed
points of αk which is different from r. Then the special section σp in S
1
univ is
fixed by ρuniv(α
k). This with the hypothesis that ρuniv(α) has a fixed point
implies that σp must be fixed by ρuniv(α) itself. So we have ρuniv(α)(σp) ∈ Ip.
On the other hand, since α(p) ∈ S1
∞
(α(λ)), it follows from the definition of
turning point that
ρuniv(α)(σp) = σα(p) ∈ Ir
This is a contradiction because Ip and Ir are disjoint.
Theorem 5.3.3. Let M be a closed oriented 3-manifold, and F a trans-
versely oriented leafwise hyperbolic taut foliation of M . Suppose F has a
finite branch locus B. If an element of Stab(B) fixes some point of B then
it fixes all the points of B.
Proof. Let λ be the α-fixed point in B, and let p, q ∈ S1
∞
(λ) be the fixed
points of α. Then σp, σq ∈ S
1
univ are fixed by ρuniv(α). The result follows from
Lemma 5.3.2.
The next result gives information on topological types of leaves in a finite
branch locus. Recall that for a leaf λ of F˜ , we denote by λ the projected leaf
of F .
Theorem 5.3.4. Let M be a closed oriented 3-manifold, and F a trans-
versely oriented leafwise hyperbolic taut foliation of M . Let B be a branch
locus of L. Then,
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1. if Stab(B) is trivial, λ is diffeomorphic to a plane, and
2. if B is finite and if Stab(B) is nontrivial, λ is diffeomorphic to a cylin-
der,
for any λ ∈ B.
Proof. Let λ ∈ B. Since F is taut, by Theorem 2.1.3, the inclusion map of
each leaf of F into M is π1-injective. So, if λ is not a plane, there exists a
nontrivial element α ∈ π1(M) such that α(λ) = λ. This α must belong to
Stab(B), showing the first statement of the theorem.
To prove the second statement, suppose that B is finite and that Stab(B)
is nontrivial. Then, we can first observe that λ is not a plane. In fact, let γ
be any nontrivial element of Stab(B). Since B is finite, γn(λ) = λ for some
n ∈ N. By the same argument as in the proof of Lemma 5.3.2 we see that
γn nontrivial in π1(M). This shows the observation.
Now, by way of contradiction, let us assume λ is not a cylinder, either.
Then, again by π1-injectivity of the inclusion λ → M , we can find elements
α, β ∈ π1(M) generating a free subgroup of rank 2 such that
α(λ) = β(λ) = λ
These two elements are hyperbolic as isometries of λ and having no common
fixed point on S1
∞
(λ). Let µ be another leaf in B, and let r ∈ S1
∞
(λ) be
the turning point from µ to λ. By exchanging α and β if necessary, we may
assume α(r) 6= r. Then, αk(r) 6= αl(r) for any k 6= l ∈ Z. Pick a point
s ∈ S1
∞
(µ) and consider the special section σs at s. Then,
ρuniv(α
k)(σs) = σαk(s)
is the special section at αk(s). Since
σαk(s)(λ) = φλ ◦ ρuniv(α
k)(σs) = α
k ◦ φλ(σs) = α
k(r)
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it follows that αk(r) is the turning point from αk(µ) to λ. In particular,
αk(µ) 6= αl(µ) for k 6= l, hence, B contains infinitely many elements αk(µ),
k ∈ Z, contradicting the finiteness of B.
Remark 5.3.5. I do not know whether or not there exists a branch locus
which has a trivial stabilizer.
Proposition 5.3.6. Let B = {λ1, · · · , λn} be a finite branch locus which has
a nontrivial stabilizer and let rji ∈ S
1
∞
(λi) be the turning point from λj to λi.
Then there exists 1 ≤ k ≤ n such that the set of turning points {rjk | j 6= k}
is a single point in S1
∞
(λk).
Proof. By Theorem 5.3.4, each λi is a cylindrical leaf. Let γ be a generator
of the stabilizer of λ1
Stab(λ1) = {α ∈ π1(M) | α(λ1) = λ1}
By Theorem 5.3.3, γ fixes all points in B. Let pi, qi ∈ S
1
∞
(λi) be the fixed
points of γ acting on S1
∞
(λi). Note that r
j
i ∈ {pi, qi} for any i, j. Otherwise,
B cannot be finite by the same argument as in the proof of Theorem 5.3.4.
We suppose that {rj1 | j 6= 1} = {p1, q1} After renumbering the indices if
necessary, we can assume that
rj1 = p1 (2 ≤ j < n1)
rj1 = q1 (n1 ≤ j ≤ n)
where 3 ≤ n1 ≤ n. Then, we claim that r
j
n1
= r1n1 for 1 ≤ j < n1. In
fact, let 2 ≤ j < n1, and take 4 points x, y, z, w as follows: x, y are in
S1
∞
(λ1) − {p1, q1} such that the 4-tuple (p1, x, q1, y) is circularly ordered,
z ∈ S1
∞
(λj) and w ∈ S
1
∞
(λn1) − {r
1
n1}. Then, σz ∈ Ip1, σw ∈ Iq1 and the 4-
tuple (Ip1, σx, Iq1, σy) is circularly ordered in S
1
univ. Furthermore, σx, σy ∈ Ir1n1
and σw /∈ Ir1n1 . It follows that σz ∈ Ir1n1 , that is, r
1
n1 is the turning point from
λj to λn1. This proves the claim.
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Now, if {rjn1 | j 6= n1} = {r
1
n1
} we can put k = n1. Otherwise, by
renumbering the indices again, we can assume that
rjn1 = r
1
n1 = pn1 (1 ≤ j < n2, j 6= n1)
rjn1 = qn1 (n2 ≤ j ≤ n)
where n1 < n2 ≤ n. Similarly, we have r
j
n2
= r1n2 for 1 ≤ j < n2. Since B
is finite, we can find a desired k after repeating this process finitely many
times.
Theorem 5.3.7. Let M be a closed oriented 3-manifold, and F a trans-
versely oriented leafwise hyperbolic taut foliation of M . Let B be a finite
branch locus of L with nontrivial stabilizer. Then the stabilizer Stab(B) is
isomorphic to Z.
Proof. Let B = {λ1, · · · , λn}, and let r
j
i ∈ S
1
∞
(λi) be the turning point from
λj to λi for i 6= j. By Proposition 5.3.6, without loss of generality we can
assume that {rj1 | j 6= 1} is a single point. Let γ be a generator of Stab(λ1).
Now, if Stab(B) acts on B trivially, then each α ∈ Stab(B) fixes λ1.
It follows that there exists an integer k such that α = γk, that is, γ is a
generator of Stab(B).
So we assume that Stab(B) acts on B nontrivially. By Theorem 5.3.3, γ
fixes every point λi in B. Let pi, qi ∈ S
1
∞
(λi) be the fixed points of γ acting
on S1
∞
(λi). Put
Stab(B)(λ1) = {α(λ1) | α ∈ Stab(B)} = {λ1, · · · , λm}
where 1 < m ≤ n. Since the natural action preserves the set of turning
points, {rji | 1 ≤ j ≤ n, j 6= i} is also a single point for any i ≤ m. Let us
denote this single point by pi. It follows that the subset
{σpi | 1 ≤ i ≤ m}
of S1univ is kept invariant by homeomorphisms ρuniv(α) for α ∈ Stab(B).
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After renumbering indices if necessary, we can assume that the m-tuple
(σp1 , · · · , σpm) is circularly ordered in S
1
univ. Let β ∈ Stab(B) be such that
ρuniv(β)(σp1) = σp2 , that is, β(λ1) = λ2. Since ρuniv(β) preserves the circular
order on S1univ, we have β(λi) = λi+1 where the indices i are taken modulo
m.
Now, since βγβ−1(λ1) = λ1, it follows that βγβ
−1 = γk for some k 6= 0.
Moreover, there is l 6= 0 such that βm = γl. It follows that
βkm = γkl = βγlβ−1 = βm
that is, β(k−1)m is trivial. If k 6= 1, β is a torsion element in π1(M), which is
a contradiction. Therefore k = 1 and we have that γ and β commute. Since
π1(M) is torsion-free, the subgroup 〈γ, β | γ
lβ−m〉 must be isomorphic to Z.
It follows that there is δ ∈ π1(M) such that γ = δ
i and β = δj where i 6= 0
and j 6= 0. Let α be any element in Stab(B). Then α(λ1) = λi for some
1 ≤ i ≤ m. By the choice of γ and β, we have that α can be represented as
a word in γ, β, hence, in δ. It follows that Stab(B) is isomorphic to Z.
Definition 5.3.8. An element α ∈ π1(M) is divisible if there is some β ∈
π1(M) and an integer k ≥ 2 such that α = β
k. Otherwise we say α is
indivisible.
We say that α ∈ π1(M) is infinitely divisible if for any integer ℓ, there are
k > ℓ and β ∈ π1(M) such that α = β
k.
Theorem 5.3.9. Let M be a closed oriented 3-manifold, and F a trans-
versely oriented leafwise hyperbolic taut foliation of M . Let B be a finite
branch locus of L such that Stab(B) acts on B nontrivially. Then a genera-
tor of Stab(B) (∼= Z) is indivisible.
Proof. Let B = {λ1, · · · , λn}. By Theorem 5.3.7, Stab(B) is generated by
some single element α. We assume by contradiction that α is divisible. Since
M is aspherical (as was noted in the proof of Lemma 5.3.2), π1(M) has no
infinitely divisible elements (see [8, Theorem 4.1]). Hence, there exists an
indivisible element β ∈ π1(M) such that α = β
k for some k > 1.
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Note that since β /∈ Stab(B), the points λi ∈ B and β(λi) ∈ β(B) are
distinct for any i. Moreover, we see that they are incomparable for any i. In
fact, if λi and β(λi) were comparable, say λi < β(λi), then
λi < β
k(λi) = α(λi)
contradicting the assumption that α ∈ Stab(B).
Let {νt}0<t<ǫ be an embedded interval such that B = limt→0 νt. Since B
is α-invariant, it follows from Lemma 5.2.5 that there is ν ∈ {νt}0<t<ǫ such
that ν ∈ Cα = Cβk . We can (and do) take such ν so that ν also satisfies that
ν /∈ Cβ. Let
l∐
i=1
[νˆi−1, νˇi] (l > 1)
be the geodesic spine joining ν to β(ν). By the choice of ν and by Lemma
5.2.10, we have βk(νˇm) = νˇm where m = l/2. It follows that ρuniv(β
k) has a
fixed point in S1univ. By Lemma 5.3.2, β
k = α fixes all points in B, which is
a contradiction to the hypothesis, as α generates Stab(B) and Stab(B) acts
on B nontrivially.
Remark 5.3.10. I do not know whether or not there is a finite branch locus B
such that Stab(B) acts on B trivially and is generated by a divisible element.
We will give an example of a tautly foliated compact 3-manifold admitting
a finite branch locus whose stabilizer acts on the locus nontrivially. We
remark that a recipe how to construct such a locus has already been provided
in [4, Example 3.7], and our construction follows it.
Example 5.3.11. Let
P = D2 − (E1 ∪ E2)
be the unit disk in C with two open disks removed, where E1, E2 are disks
centered in −1
2
, 1
2
with radius 1
4
respectively. Put S0 = ∂D
2, S1 = ∂E1 and
S2 = ∂E2. On P we consider a standard singular foliation G (see Fig. 5.2)
satisfying the following properties:
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Figure 5.2: A singular foliation G of P .
1. G has the origin as its unique singular point, which is of saddle type,
2. G is transverse to ∂P ,
3. all leaves of G (except the 4 separatrices) are compact,
4. G is symmetric with respect to both the x-axis and y-axis, and
5. each nonsingular leaf of G joins the point in S1 ∪ S2 − {−
1
4
, 1
4
} to the
point in S0 by maps
h1 : S1 − {−
1
4
} → S0, h2 : S2 − {
1
4
} → S0
defined by
h1(
1
4
e2πiθ − 1
2
) = eπi(θ+
1
2
) (0 < θ < 1)
h2(
1
4
e2πiθ + 1
2
) = eπiθ (−1
2
< θ < 1
2
)
Let (P ′,G ′) be a copy of (P,G), and let c : P ′ → P the map induced by
the identity. We construct a double
Σ = P ∪ P ′
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using diffeomorphisms
gi : Si → c(Si) (i = 0, 1, 2)
to glue Si to c(Si), where c
−1 ◦ g0 is given by
c−1 ◦ g0(e
2πiθ) = e2πi(θ+α)
for some α ∈ R−Q, and c−1 ◦ gi is the antipodal map of Si for i = 1, 2.
Since h1, h2 preserve rational (with respect to θ) points in S1, S2 and
S0, it follows that G and G
′ induce a singular foliation G ′′ of Σ with two
saddle singularities and without any saddle connection. By construction, the
homeomorphism ρ of Σ which is defined to be the rotation by π in both P
and P ′ preserves G ′′.
Fix a hyperbolic structure on Σ. Then each leaf of G ′′ except the singular
points and the separatrices is isotopic to a unique embedded geodesic, and
the closure of the union of these geodesics constitutes a geodesic lamination,
say λ, on Σ. Note that the two complementary regions Q1 and Q2 to λ
are ideal open squares. There exists a λ-preserving homeomorphism ψ of Σ
isotopic to ρ. Let M be the mapping torus of ψ, that is,
M = Σ× [0, 1]/(s, 1) ∼ (ψ(s), 0)
Then λ induces a surface lamination Λ of M whose complementary regions
Ri are Qi-bundles over S
1 for i = 1, 2. Denote by pi : Ri → S
1 the bundle
projection.
Now we extend Λ to a foliation F of M by filling Ri (i = 1, 2) with leaves
diffeomorphic to Qi as follows. Denote the boundary components of Ri by
Ci1 and Ci2, which are open cylinders. Let γi be an oriented loop in Ri such
that pi|γi is a diffeomorphism onto S
1. Then the composition γ2i = γi ∗ γi
is freely homotopic to a leaf loop γij of Cij which is a generator of π1(Cij).
We foliate Ri as a product by leaves isotopic to the fibers Qi so that the
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holonomy along γi1 is contracting and the holonomy along γi2 is expanding.
Then the resulting foliation F is taut and has two-sided branching, and each
end of a lift of γi to M˜ gives a branch locus consisting of two points.
Let αi be an element in π1(M) whose conjugacy class corresponds with
the free homotopy class of γi. Then αi belongs to the stabilizer of some
branch locus and acts on the locus nontrivially, as desired.
5.4 Loops and actions
Given a loop in a tautly foliated manifold (M,F), it is natural to ask whether
it is transversable, or tangentiable, to F . In this section, we observe that
these properties of loops are expressed completely in the language of the
natural action. Furthermore, we consider relations between such properties
and the branching phenomenon of F˜ .
We do not need to assume leafwise hyperbolicity in the first two propo-
sitions below.
Proposition 5.4.1. Let γ be a loop in M , and α an element in π1(M, p)
whose conjugacy class corresponds with the free homotopy class of γ. Then, γ
is tangentiable if and only if the action of α on L has a fixed point. Similarly,
γ is positively (resp. negatively) transversable if and only if there is a point
λ in L such that α(λ) > λ (resp. α(λ) < λ).
Proof. Let λ be a leaf of F˜ and suppose that the deck transformation α
leaves λ invariant. Take any point x in λ and join x to α(x) by a path in λ.
Then it projects down to a leaf loop in M freely homotopic to α. Conversely,
suppose γ is a leaf loop in M . Join the base point p to a point of γ by a path
c. Then, the loop c∗γ ∗c−1 represents an element of π1(M, p) conjugate to α.
Obviously it has a fixed point, hence so does α. The claim on transversability
is also shown easily.
We remark here that π1(M) can have an element which is neither tan-
gentiable nor transversable. Such an element exists if and only if F has
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two-sided branching.
This fact is due to Barbot, and also follows from Lemma 5.2.3 and Propo-
sition 5.2.9. (Notice that if F has two-sided branching, there are λ, µ ∈ L
such that d(λ, µ) is nonzero and even. Then by the tautness of F , we can
find ν ∈ L which satisfies d(µ, ν) = 0, d(λ, ν) = d(λ, µ), and α(λ) = ν for
some α ∈ π1(M).)
Proposition 5.4.2. Let α ∈ π1(M). Suppose there are points λ, µ ∈ L such
that α(λ) > λ and α(µ) < µ. Then there exists a point ν ∈ L such that
α(ν) = ν. Moreover, if λ and µ are incomparable, then such ν can be found
in some branch locus.
Proof. If λ and µ are comparable, then the conclusion follows immediately
from the intermediate value theorem. If λ and µ are incomparable, then the
conclusion follows from Lemma 5.2.4.
This proposition means that if a loop in M is both positively and nega-
tively transversable to F , then it is tangentiable to F .
In the following we assume leafwise hyperbolicity and observe that tan-
gentiability and/or transversability of loops in M and the infiniteness of
branch loci are closely related.
Theorem 5.4.3. Let M be a closed oriented 3-manifold, and F a trans-
versely oriented leafwise hyperbolic taut foliation ofM with one-sided branch-
ing. Suppose that there is a non-contractible leaf loop γ in M which is not
transversable. Then every branch locus of L is an infinite set.
Proof. Suppose that there exists a finite, say positive, branch locus B =
{λ1, · · · , λn}. Let α be an element in π1(M) whose conjugacy class corre-
sponds with the free homotopy class of γ. By Proposition 5.4.1, α has a fixed
point in L, and for each µ ∈ L if µ is not fixed by α then µ /∈ Cα. Let ν be a
fixed point of α. By Lemma 5.2.3, for every η with η ≤ ν, we have η ∈ Cα,
and therefore α(η) = η. By replacing B with β(B) for some β ∈ π1(M) if
necessary, we can assume that λ1 ≤ ν and therefore α(λ1) = λ1. This implies
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in particular that B is α-invariant. Since B is finite, by Theorem 5.3.3, we
have α(λi) = λi for any 1 ≤ i ≤ n. By Lemma 5.1.2, α must be trivial, which
is a contradiction.
Corollary 5.4.4. Let M be a closed oriented 3-manifold, and F a trans-
versely oriented leafwise hyperbolic taut foliation of M with every leaf dense.
Suppose that there is non-contractible leaf loop γ inM which is not transversable.
Then every branch locus of L is an infinite set.
Proof. Suppose there is a finite branch locus B. Let α ∈ π1(M) be as in the
proof of the preceding theorem. By Proposition 5.2.6, there is an embedded
open interval I ⊂ L such that I is contained in Cα. Since every leaf of F is
dense, there is β ∈ π1(M) such that β(B)∩ I 6= ∅. Then the same argument
as in Theorem 5.4.3 shows the conclusion.
Theorem 5.4.5. Let M be a closed oriented 3-manifold, and F a trans-
versely oriented leafwise hyperbolic taut foliation of M with branching. Sup-
pose that there is a non-contractible leaf loop γ inM which is not transversable.
Then L has an infinite branch locus.
Proof. Let α be as in Theorem 5.4.3. Then α has a fixed point ν ∈ L, and
for each µ ∈ L if µ is not fixed by α then µ /∈ Cα. Without loss of generality,
we assume that F has a positive branch locus.
We claim that there exist some ν ′ > ν such that ν ′ and α(ν ′) are incom-
parable. Put
L′ = {µ | µ > ν}
Notice that α(L′) = L′. Then we can observe that L′ is a submanifold of L
with one-sided branching in the positive direction and contains at least one
branch locus. For, by the tautness of F we can find a positive branch locus
B′ in L and β ∈ π1(M) such that β(ν) is a common lower bound of all points
in B′, that is, β−1(B′) ⊂ L′. If α fixes all leaves in L′, then by applying
Lemma 5.1.2 to a branch locus in L′ we obtain that α is trivial in π1(M),
which contradicts the hypothesis that α is represented by a non-contractible
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loop. Therefore, there exists some ν ′ ∈ L which is not fixed by α. Since such
ν ′ does not belong to Cα, the claim is shown.
Since ν < ν ′ and α(ν) = ν, it follows that ν is a common lower bound
for ν ′ and α(ν ′). Thus, the fact that ν ′ and α(ν ′) are incomparable implies
that there is a unique λ ∈ (ν, ν ′] such that µ ∈ [ν, ν ′] is fixed by α if and only
if µ ∈ [ν, λ). Evidently, λ belongs to some α-invariant branch locus, say B.
Also note that ρuniv(α) has a fixed point because α fixes a point in L. We
now show B is infinite. Suppose not. Then, by Lemma 5.3.2, all leaves in B
are α-fixed, contradicting α(λ) 6= λ.
Bibliography
[1] T. Barbot, Flots d’Anosov sur les varie´te´s graphe´es au sens de Wald-
hausen, Ann. Inst. Fourier (Grenoble) 46 (1996), 1451-1517.
[2] T. Barbot, Actions de groupes sur les 1-varie´te´s non se´pare´es et feuil-
letages de codimension un, Ann. Fac. Sci. Toulouse Math. 7 (1998),
559-597.
[3] D. Calegari, Foliations and the Geometry of 3-Manifolds, Oxford Math.
Monographs, Oxford Univ. Press, Oxford, 2007.
[4] D. Calegari and N. Dunfield, Laminations and groups of homeomor-
phisms of the circle, Invent. Math. 152 (2003), 149-204.
[5] A. Candel, Uniformization of surface laminations, Ann. Sci. E´c. Norm.
Sup. 26 (1993), 489-516.
[6] S. Fenley, The structure of branching in Anosov flows of 3-manifolds,
Comment. Math. Helv. 73 (1998), 259-297.
[7] S. Fenley, Pseudo-Anosov flows and incompressible tori, Geom. Dedicata
99 (2003), 61-102.
[8] S. Friedl, Centralizers in 3-manifold groups. Su¯rikaisekikenkyu¯sho
Ko¯kyu¯roku 1747 (2011), 23-34.
[9] L. Garnett, Foliations, the ergodic theorem and Brownian motion J.
Funct. Anal. 51 (1993), 285-311.
46
BIBLIOGRAPHY 47
[10] G. Hector and U. Hirsch, Introduction to the Geometry of Foliations,
Part A and B, Friedr. Vieweg und Sohn, Braunschweig, 1981 and 1983.
[11] J. Hempel, 3-manifolds, Ann. of Math. Studies, 86, Princeton Univ.
Press, Princeton, N.J., 1976.
[12] Y. Kano, Taut foliations and the action of the fundamental group on
leaf spaces and universal circles, Pacific J. Math., to appear.
[13] S. P. Novikov, Topology of foliations, Trudy Moskov. Mat. Obsh. 14
(1965), 248-278.
[14] C. Palmeira, Open manifolds foliated by planes, Ann. of Math. 107
(1978), 109-131.
[15] J. F. Plante, Foliations with measure preserving holonomy, Ann. of
Math. 102 (1975), 327-361.
[16] R. Roberts, J. Shareshian and M. Stein, Infinitely many hyperbolic 3-
manifolds which contain no Reebless foliation, J. Amer. Math. Soc. 16
(2003), 639-679.
[17] H. Rosenberg, Foliations by planes, Topology 6 (1967), 131-138.
[18] S. Shields, Branching in the universal cover of taut foliations, Pacific
J. Math. 203 (2002), 235-256.
[19] V. V. Solodov, Components of topological foliations, Mat. Sb. (N.S.)
119(161) (1982), 225-255.
[20] W. P. Thurston, Three-manifolds, Foliations and Circles, II. unfinished
manuscript, 1998.
